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Lecture 8: List Coloring
Introduced by Vizing (1976) and independently by Erdés, Rubin, and Taylor (1979).

A list assignment of G is a function L that assigns to each vertex v € V(G) a list L(v) of colors. The elements
of the list L(v) are called admissible colors for the vertex v. An L-coloring is a mapping ¢ : V(G) — U, L(v)
such that
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e o(v) € L(v) for every v € V(G), and
e ¢(u) # ¢(v) whenever v and v are adjacent vertices of G.
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1: Find a list coloring for the graph below.
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For a graph G we say

e L-colorable if G admits an L-coloring
e k-choosable if, for every list assignment L with |L(v)| > k for all v € V(G), G is L-colorable.

e choosability of a graph G, denoted by ch(G) or x¢(G), is the smallest k such that G is k-choosable.

2: What is choosability of the following graphs? (Some depicted twice to allow experiments.) Wiok
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Erdés, Rubin and Taylor showed that there are bipartite graphs with arbitrary large list chromatic number.

Theorem 1 (Erdés, Rubin and Taylor). For m > (2’c 1) the bipartite graph K, m is not k-choosable.

3: Prove the theorem. Hint: Use the last graph from previous exercise.
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Let G be a graph from which we start removing vertices of degree one consecutively one by one. By this
procedure, we ends-up either by a vertex of minimum degree > 2 or by a single vertex. We denote the resulting
graph by core(G). Recall that the Theta graph O, is comprised from two vertices that are connected by
three paths of length a, b, and ¢ that are pair-wise disjoint except at the end-vertices.
Theorem 2 (Rubin). A graph G is 2-choosable if and only if o
R ar ey,

core(G) € {K1,02m+2,Q@ m > 1}.

4: Show that ¢ : ' /\
core(G) S {Kl, C2m+27 @2,272m m > 1}

are 2-choosable.

1 List version of Brooks theorem and beyond
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6: State Brook’s theorem. a‘/’ ((N) - A (6“)‘%[ |~ - a’ S ,4{/' L 1=
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Question: When is graph L-colorable under assumption that |L(v)| > d(v) for every vertex v? We call such an
assignment a degree list assignment.

Lemma 3. Let (G,L) be a pair of a connected graph and L a degree list assignment such that G is not L-
colorable. Then following hold:

(1). |L(v)| = d(v) for every vertex v of G;

(2). If u and v are two adjacent vertices of G and u is not a cut-vertex then L(u) C L(v);

(3). If G is 2-connected then it is an odd cycle or a complete graph and L assigns the same A(G) colors to all
vertices.
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We define a class of palrs Tb L) € G, whenever > &

1. G is an odd cycle and L assigns a same two colors to every vertex of G; or
2. G is a complete graph and L assigns a same colors to every vertex of GG; or

3. there exists pairs (G1, L1) and (G2, Lo) from G, such that G is obtained from identifying a vertex wu; from
G1 with a vertex ug from Go into a vertex u of G, where Lj(u1) N L(ug) = 0. And, L coincides with L;

and Lo except at the identified vertex w it has list L(u) = Ly(u1) U L(ug). 4O
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Theorem 4. A connected graph G is not L-colorable for a degree list assignment L if and only if (G,L) € G..

8: Hint: Prove the theorem. O
AN @lLe %{ Ten &, v - @uvilate O%

(PY WOT R-Me Ry tarP ougary SRR L Lonine Uere A
Db = af\la Tles
LEMmA T ed
/r\r C- Z—@/\/Mﬁéﬁ@)
o Letua 11

Ay
QL) =

J(/K\“&Q C\\/\S‘

N — [/(K)_C,L(MB
Ly =0 e>did -4ty e mLix) el

% W) CJ,(&) KLEL (D) =~ &C%?

Hg)étgy)

) @

Corollary 5. For any graph G that is not an odd cycle or a completele graph, holds

This asserts our first proposition.

xe(G) < A(G).

9: Prove the corollary.
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Theorem 6 (Gallai). In a k-critical graph with k > 4, low vertices induce a forest (possibly empty) whose
blocks are odd cycles and complete graphs.
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Recall that low vertices are vertices of degree k& — 1.

10: Prove the theorem. Hint: Consider G without low Vertice@and try to extend (k — 1) coloring of G — L
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1.1 Planar graphs

Theorem 7 (Thomassen). Every planar graph is 5-chosable.

The next lemma implies the above theorem. Recall that a near-triangulation is a plane graph whose all inner
faces are 3-cycles.

Lemma 8. Let G be a 2-connected near-triangulation and let C = x1x9- - xx1 be the outerface. Let L be
a list-assignment of G such that |L(x)| > 3, for x € V(C), and otherwise |L(z)| > 5. Suppose that c is an
L-coloring of x1 and x,. Then, ¢ can be extended to an L-coloring of G.

11: Prove the lemma by induction.
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Voigt construct a non-4-choosable planar graph on 238 vertices. Later Mirzakhani (the famous one) such a
graph on 63 vertices. A gadget of her construction is depicted below.

12: Show that the graph above is not list-colorable and the graph on the next page is also not list-colorable.
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Figure 1: Mirzakhani construction.
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