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Lecture 8: List Coloring

Introduced by Vizing (1976) and independently by Erdős, Rubin, and Taylor (1979).

A list assignment of G is a function L that assigns to each vertex v 2 V (G) a list L(v) of colors. The elements

of the list L(v) are called admissible colors for the vertex v. An L-coloring is a mapping ' : V (G) !
S

v L(v)
such that

• '(v) 2 L(v) for every v 2 V (G), and

• '(u) 6= '(v) whenever u and v are adjacent vertices of G.

1: Find a list coloring for the graph below.

1,2

1,2

2,3

3,4 4,5

For a graph G we say

• L-colorable if G admits an L-coloring

• k-choosable if, for every list assignment L with |L(v)| � k for all v 2 V (G), G is L-colorable.

• choosability of a graph G, denoted by ch(G) or �`(G), is the smallest k such that G is k-choosable.

2: What is choosability of the following graphs? (Some depicted twice to allow experiments.)
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Erdős, Rubin and Taylor showed that there are bipartite graphs with arbitrary large list chromatic number.

Theorem 1 (Erdős, Rubin and Taylor). For m �
�2k�1

k

�
, the bipartite graph Km,m is not k-choosable.

3: Prove the theorem. Hint: Use the last graph from previous exercise.

Solution:

Proof. Without loss of generality we can assume m =
�
2k�1

k

�
, and we have a bipartition

A,B of Km,m. Let us use colors from the set {1, . . . , 2k�1}, and assign any k-subset of
this set to a distinct vertex of A and also to a distinct vertex of B. Now, in a possible

list-coloring of Km,m in the bipartition A we must use at least k colors (as otherwise

we have vertex in A in which list we miss all used colors on A, and then this vertex

cannot be colored). But then in B, we have a vertex with list of these k used colors in

A, and we have a conflict in the coloring of this vertex.

Let G be a graph from which we start removing vertices of degree one consecutively one by one. By this

procedure, we ends-up either by a vertex of minimum degree � 2 or by a single vertex. We denote the resulting

graph by core(G). Recall that the Theta graph ⇥a,b,c is comprised from two vertices that are connected by

three paths of length a, b, and c that are pair-wise disjoint except at the end-vertices.

Theorem 2 (Rubin). A graph G is 2-choosable if and only if

core(G) 2 {K1, C2m+2,⇥2,2,2m : m � 1}.

4: Show that

core(G) 2 {K1, C2m+2,⇥2,2,2m : m � 1

are 2-choosable.

1 List version of Brooks theorem and beyond

5: Show that

�`(G)  �(G) + 1.

Moreover, k-degenerated graph is (k + 1)-choosable.

Solution: Greedy algorithm removing vertex of minimum degree will work. Same as

in coloring.

6: State Brook’s theorem.

Solution: �(G) = �(G) + 1 i↵ G is a complete graph or an odd cycle.
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Question: When is graph L-colorable under assumption that |L(v)| � d(v) for every vertex v? We call such an

assignment a degree list assignment.

Lemma 3. Let (G,L) be a pair of a connected graph and L a degree list assignment such that G is not L-
colorable. Then following hold:

(1). |L(v)| = d(v) for every vertex v of G;

(2). If u and v are two adjacent vertices of G and u is not a cut-vertex then L(u) ✓ L(v);

(3). If G is 2-connected then it is an odd cycle or a complete graph and L assigns the same �(G) colors to all
vertices.

7: Prove the lemma.

Solution:

Proof. Suppose v is a vertex of G with |L(v)| > d(v). We may assume G has more

vertices otherwise it is trivial. Remove v from G, and observe that each component of

G � v has a vertex with at least one availible color than its degree. By induction we

can color all these components, and at the end we can always assign a color for v from

its list that does not appear on its neighbours. This establish claim (1).

Regarding claim (2), suppose it is false and then we have two such vertices u and v
with L(u) 6⇢ L(v). Now, color u with a color from L(u) \ L(v), then remove u from G
and remove its assigned color from the neighbouring lists. Note that G�u is connected

and moreover v has one more color then its degree in this graph, so we can color G�u
using previous claim (1).

Finally to show the last claim (3), observe that the prvious claims assure that all

vertices has the same list, and then immediately from (1), we have that it is a regular

graph. Now, by Brooks’ theorem we conlcude that G is an odd cycle or a complete

graphs.

We define a class of pairs (G,L) 2 GL whenever

1. G is an odd cycle and L assigns a same two colors to every vertex of G; or

2. G is a complete graph and L assigns a same two colors to every vertex of G; or

3. there exists pairs (G1, L1) and (G2, L2) from GL such that G is obtained from identifying a vertex u1 from

G1 with a vertex u2 from G2 into a vertex u of G, where L1(u1) \ L(u2) = ;. And, L coincides with L1

and L2 except at the identified vertex u it has list L(u) = L1(u1) [ L(u2).
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Theorem 4. A connected graph G is not L-colorable for a degree list assignment L if and only if (G,L) 2 GL.

8: Hint: Prove the theorem.

Solution:

Proof. It is easy to see that if (G,L) 2 GL then G is not L-colorable.

For the other direction, suppose it does not hold, i.e. there exists a graph G and its

degree list assignment L such that G is not L-colorable and the pair (G,L) 62 GL. We

may choose G,L such that G has the smallest possible number of vertices.

Lemma 3(3) implies that G is not 2-connected. So take two end-blocks B1 and B2 and

in each of them choose a vertex that is not a cut-vertex, say, v1 in B1 and v2 in B2.

Coloring v1 by any color of it lists and removing this color from the neighbours and

removing v1 from G results a graph G1 with degree list assignment L1 such G1 is not

L1-colorable. And, by minimality we conlcude that (G1, L1) 2 GL in particulary it

follows that B2 is a clique or an odd cycle and there are the same �(B2) colors that

appears on every vertex of B2.

Similarly, coloring v2 by any color of it lists and removing this color from the neighbours

and removing v2 from G results a graph G2 with degree list assignment L2 such G2 is

not L2-colorable. And, by minimality we conlcude that (G2, L2) 2 GL in particulary it

follows that B1 is a clique or an odd cycle and there are the same �(B1) colors that

appears on every vertex of B1.

By the above two paragraphs, it easily follows that (G,L) 2 GL - the details are left to

the reader.

This asserts our first proposition.

Corollary 5. For any graph G that is not an odd cycle or a completele graph, holds

�`(G)  �(G).

9: Prove the corollary.

Solution:

Proof. Suppose that G is a graph that is not L-colorable for a list assignment with

|L(v)| � �(G). Let L be a degree list assignment of a connected graph G. If G is not

L-colorable, then by Lemma 3(1) all vertices of G are of degree �(G). Note also that

G 2 GL but then all the list are of same size only if he graph is 2-connected, i.e. it is

a complete graph or an odd cycles. In both cases all vertices has the same list of size

�(G).
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Theorem 6 (Gallai). In a k-critical graph with k � 4, low vertices induce a forest (possibly empty) whose
blocks are odd cycles and complete graphs.

Recall that low vertices are vertices of degree k � 1.

10: Prove the theorem. Hint: Consider G without low vertices L and try to extend (k � 1) coloring of G� L
to G.

Solution: Proof of Theorem 6. Suppose that G is a k-crtical graph with a

nonempty set L(G) of vertices of degree k� 1. As G is a k-critical graph, we can have

proper coloring c of the graph G� L(G) using k � 1 colors.

As G is k-critical, we cannot extend c also to vertices of L(G) to have a (k�1)-coloring

of G. Now we want to extend c also to vertices of L(G). Observe that every vertex u
from L(G) has as it is degree is in the graph induced by L(G). Thus in order not to

be able to extend L(G) must form a Gallai forest due to the previous theorem.
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1.1 Planar graphs

Theorem 7 (Thomassen). Every planar graph is 5-chosable.

The next lemma implies the above theorem. Recall that a near-triangulation is a plane graph whose all inner

faces are 3-cycles.

Lemma 8. Let G be a 2-connected near-triangulation and let C = x1x2 · · ·xnx1 be the outerface. Let L be
a list-assignment of G such that |L(x)| � 3, for x 2 V (C), and otherwise |L(x)| � 5. Suppose that c is an
L-coloring of x1 and xn. Then, c can be extended to an L-coloring of G.

11: Prove the lemma by induction.

Solution:

Proof. Suppose that the claim is false and G being a counterexample with |V (G)| +
|E(G)| as small as possible. As G is 2-connected, C is a cycle. Observe that G is not
a 3-cycle.

First suppose C has a diagonal xpxq (p < q), and obviously we can assume q 6= n. Let
G1 = Int(x1 · · · xpxq · · · xnx1) and G2 = Int(xpxp+1 · · · xqxp). By minimality of G, first
extend c to G1, and afterwards the L-coloring of vertices xp and xq extend to G2, and
this way we obatin a coloring of G.

Now, we can assume that C is without diagonals. Let G0 = G� x2 and let a, b be two
distinct colors from L(x2)\{c(x1)}. Let L0 be a list-assignment defined as follows: if a
vertex x 2 V (G0)\{x1, x3} is adjacent with x2, then let L0(x) = L(x)\{a, b}, otherwise
let L0(x) = L(x). The pair G0, L0 satisfies the assumptions of the lemma and G0 is
smaller than G. So we can extend c to a L0-coloring of G0. Let c(x2) 2 {a, b}\{c(x3)},
and then we obtain that c is a required L-coloring of G. This is a contradiction that
establishes the theorem.
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Voigt construct a non-4-choosable planar graph on 238 vertices. Later Mirzakhani (the famous one) such a

graph on 63 vertices. A gadget of her construction is depicted below.

1,2,3,4

1,3,4

x1

2,3,4

x10

1,2,3

x7

1,2,4

x4

1,2,3,4

1,2,3

x12

1,2,4

x11

1,2,3,4

1,2,4

x9

1,3,4

x8

1,2,3,4

1,3,4

x6

2,3,4

x5

1,2,3,4

2,3,4

x3

1,2,3

x2

12: Show that the graph above is not list-colorable and the graph on the next page is also not list-colorable.

Solution: Observe that this graph is constructed of five blocks, were each block is
comprised of a square with an inner vertex connected to all four vertices of the square.
Regarding the position of we block we can named as the left, the middle, the right, the
upper, and the down square. Observe that a list coloring of vertices of any of these
squares requires that at least one pair of diagonal vertices are assigned the same color -
otherwise all four of them are colored di↵erently, and in that case there is no available
color for the central vertex.

Now for the sake of contradiction assume, we have a list-coloring c. Regarding the
color of x1, we distinguish three cases:

• c(x1) = 1: Then we have c(x2) = c(x4) = 2, and hence c(x5) = c(x7) = 3, and
from here we derive that c(x8) = c(x10) = 4. Thus, all for vertices of the middle
square are colored di↵erently, and there is not free color left for its central vertex.

• c(x1) = 3: Here we argue similarly but we go anti-clockwise. We need to assign
c(x10) = c(x12) = 2, then c(x7) = c(x9) = 1, and then c(x4) = c(x6) = 4. And,
again we have no free color for the central vertex of the middle square.

• c(x1) = 4: Then, c(x4) = c(x10) = 2 and so c(x7) = 1 or 3. If c(x7) = 1, then we
must assign to x5, x6 colors 3, 4, and so we are unable to color the central vertex
of the down square. And, in if c(x7) = 3, then similarly we conclude that we must
color x8, x9 by colors 1, 4, and so we are unable to color the central vertex of the
left square.
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1,2,3,4

1,3,4,52,3,4,5

1,2,3,5 1,2,4,5

1,2,3,4

1,2,3,51,2,4,5

1,2,3,4

1,2,4,5

1,3,4,5

1,2,3,4

1,3,4,5 2,3,4,5

1,2,3,4

2,3,4,5

1,2,3,5

5,3,2,1

5,2,1,43,2,1,4

5,3,2,4 5,3,1,4

5,3,2,1

5,3,2,45,3,1,4

5,3,2,1

5,3,1,4

5,2,1,4

5,3,2,1

5,2,1,4 3,2,1,4

5,3,2,1

3,2,1,4

5,3,2,4

2,3,4,51,3,4,5

2,3,4,5

1,4,3,5

1,3,5,24,3,5,2

1,4,3,2 1,4,5,2

1,4,3,5

1,4,3,21,4,5,2

1,4,3,5

1,4,5,2

1,3,5,2

1,4,3,5

1,3,5,2 4,3,5,2

1,4,3,5

4,3,5,2

1,4,3,2

1,3,2,41,5,2,4

2,5,4,1

2,4,1,35,4,1,3

2,5,4,3 2,5,1,3

2,5,4,1

2,5,4,32,5,1,3

2,5,4,1

2,5,1,3

2,4,1,3

2,5,4,1

2,4,1,3 5,4,1,3

2,5,4,1

5,4,1,3

2,5,4,3

4,5,2,31,5,2,3

Figure 1: Mirzakhani construction.
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